Regarding the multi-attribute decision-making problem where both the attribute value and attribute weight of a scheme are exponential fuzzy numbers, this paper proposes a fuzzy multiple attribute decision-making method based on exponential fuzzy numbers. The expected value and variance of the exponential fuzzy number were calculated according to the definitions of expectation and variance in probability theory. By comprehensively considering factors such as expected value, variance, and attitude preference of the decision-maker, this paper gave the score function of the exponential fuzzy number, based on which the accurate attribute weight can be determined. Subsequently, based on the distance measure between exponential fuzzy numbers, the distance was calculated between each scheme and the positive/negative ideal scheme, respectively, and the relative closeness of each scheme was solved; based on this, sorting and prioritizing were conducted. Finally, the feasibility and effectiveness of the proposed method were verified through case analysis.
Introduction
The multi-attribute decision-making (MADM) problem is one of the key sectors in modern decision science, the theory and method of which have been widely applied in the fields of engineering design, social life, investment decision-making and project evaluation. The multi-attribute decision-making problem is of profound theoretical significance and has a wide practical application background in various industries; therefore, research on multi-attribute decision-making problems has always been a key subject for people. In real life, the uncertainty of decision information is regularly caused due to complex object environments and the fuzziness of human thinking. In solving such a class of problems, fuzzy numbers such as interval numbers, triangular fuzzy numbers, and trapezoidal fuzzy numbers are usually adopted to express such uncertainty of decision-making information.
In recent years, research on fuzzy numbers has attracted attention from scholars and experts, and has been widely used in the field of multi-attribute decision-making problems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . For example, Didier Dubois et al. [2] provided a justification of symmetric triangular fuzzy numbers in the spirit of such inequalities. It shows that the cuts of such a triangular fuzzy number contain the "confidence intervals" of any symmetric probability distribution with the same mode and support. Lakshmana et al. [3] proposed and discussed a new method for the sequencing of a interval-valued intuitionistic fuzzy set, and stated this method by the way of calculation example analysis, and made a comparison with other methods as well. Park et al. [4] extended the TOPSIS (Technique for Order Preference by Similarity to Ideal Solution) method in order to solve problems of multi-attribute group decision-making (MAGDM) in interval-valued intuitionistic fuzzy circumstances, in which all preferential information provided by decision-makers would be indicated by an interval-valued intuitionistic fuzzy decision matrix. Xu [5] proposed an ideal method to solve the problem with interval-valued intuitionistic fuzzy MADM with the attribute weight not completely known or completely unknown. References [6, 7] define the desired value and expected scores of intuitionistic trapezoidal fuzzy numbers (ITFN) and the orderly weighted integration operator, and establish a multi-attribute group decision-making model based on ITFN. Wang Jian-qiang and Wei Gui-wu [8, 9] established an objective programming model based on the distance measure and difference maximum, respectively, and proposed a multiple attribute decision-making method where the attribute weight information is incomplete and the attribute value is an interval-valued intuitionistic fuzzy number. Wan [10] , in a multi-attribute decision-making problem where both the decision-maker's preferential information and attribute value are interval numbers, conducted specific research on the attitude index method of the interval multiple attribute decision-making problem. Chen and Yang [11] , regarding the multi-attribute group decision-making problem where the assessment information of the scheme attribute and attribute weight are in fuzzy language form, proposed a method to solve a fuzzy multi-attribute group decision-making problem based on the concept and property of triangular fuzzy numbers. Wang and Zhang [12] conducted research on multiple-criteria decision-making problems where the criterion value is an intuitionistic trapezoidal fuzzy number and the information is incomplete, respectively, and proposed a corresponding decision-making method. Chen et al. [13] established a layered multi-objective linear programming model based on trapezoidal fuzzy numbers in the hope of solving multi-attribute decision-making problems in practical life, and then solved this model using the layered sequence optimization method and compared it with the Nezhad model for further analysis. Chen [14] , by combining the theory of the fuzzy ideal point, proposed a TOPSIS multi-attribute decision-making method through defining the expected value of the exponential fuzzy number and the distance measure between exponential fuzzy numbers. Xu and Wang [15] presented a comprehensive review on relative developments of multi-granularity linguistic term sets using several perspectives. Most of the above research on fuzzy multiple attribute decision-making problems mainly involves interval numbers, triangular fuzzy numbers and trapezoidal fuzzy numbers, while there is less research on fuzzy multiple attribute decision-making problems based on exponential fuzzy numbers. This paper, regarding the current research situation, proposes a corresponding decision-making method to meet the requirements of such decision-making problems.
Preliminaries Definition 1.
If the membership function of r a can be expressed as:
Therefore, r a " pc, σ, τq is an exponential fuzzy number. Suppose R is donated as a real number set, then all exponential fuzzy numbers in R are denoted as FEpRq [14] . Definition 2. Suppose r a 1 " pc 1 , σ 1 , τ 1 q, r a 2 " pc 2 , σ 2 , τ 2 q P FEpRq is an exponential fuzzy number; thus, 1. r a 1`r a 2 " pc 1`c2 , σ 1`σ2 , τ 1`τ2 q 2. kr a 1 " pkc 1 , kσ 1 , kτ 1 q, k ą 0 Definition 3. Suppose r a " pc, σ, τq P FEpRq; the expected value of r a is:
where the expectation reflects the average value of the fuzzy number.
Definition 4.
Suppose r a " pc, σ, τq P FEpRq; the variance of r a is:
where the variance describes the degree of deviation from the fuzzy number to the average value.
Definition 5. Suppose exponential fuzzy number r a 1 " pc 1 , σ 1 , τ 1 q, r a 2 " pc 2 , σ 2 , τ 2 q, λ P p0, 1q; therefore, the distance Dpr a 1 , r a 2 q between r a 1 and r a 2 can be expressed as [16] :
Dpr a 1 , r a 2 q "
Definition 6. Suppose exponential fuzzy number r a " pc, σ, τq; the score function is:
where Epr aq and Varpr aq are the expected value and variance of exponential fuzzy number r a " pc, σ, τq, respectively; Ppr aq reflects the overall effect of the exponential fuzzy number; φ is the attitude of the decision-maker, which is determined by the degree of the decision-maker's emphasis on the expected value of the decision-making information (average level) and variance (stability level). If φ ą 0.5, the expected value is attached with more emphasis, while if φ ă 0.5, the stability level is more emphasized. If φ " 0.5, then both factors are equally emphasized [17] .
Fuzzy Multi-Attribute Decision-Making Problem Based on an Exponential Fuzzy Number

Problem Description
Regarding a fuzzy multi-attribute decision-making problem, suppose A " tA 1 , A 2 ,¨¨¨, A m u is the scheme set, C " tC 1 , C 2 ,¨¨¨, C n u is the attribute set, and R " pr a ij q mˆn is the fuzzy decision-making matrix, where r a ij " pc ij , σ ij , τ ij q represents the exponential fuzzy number attribute value of the jth attribute C j of the ith scheme, 1 ď i ď m, 1 ď j ď n. In addition, the attribute weight is still given in the form of an exponential fuzzy number, i.e., the attribute weight vector W " p r w 1 , r w 2 ,¨¨¨, r w n q, where r w j " pc wj , σ wj , τ wj q represents the weight of the jth attribute C j . Try to sort and prioritize schemes according to the fuzzy decision-making matrix and attribute weight information [18] .
Decision-Making Steps
Steps of such a decision-making method are listed below:
Step 1. Construct a fuzzy decision-making matrix R according to the attribute value of each scheme.
Step 2. Standardized processing of the decision-making matrix. Since the attribute values of schemes in the decision-making matrix R have different units of measurement and are subjected to different measurement criteria, in order to achieve unified processing the following equations can be employed for the standardized processing, so as to obtain the standardized decision-making matrix R 1 " p r R ij q mˆn , where r R ij " pr c ij , r σ ij , r τ ij q. In the multi-attribute decision-making problem, the benefit-oriented attribute and cost-oriented attribute are two major attribute types.
For the benefit-oriented attribute, there is:
For the cost-oriented attribute, there is:
Step 3. Determination of positive ideal scheme A`and negative ideal scheme A´of the fuzzy multi-attribute decision-making problem.
Positive ideal scheme:
Negative ideal scheme:
where j " 1, 2,¨¨¨, n.
Step 4. Determination of the weights of the attributes. The weight information of the attribute is given in the form of an exponential fuzzy number, i.e., the attribute weight vector.
W " p r w 1 , r w 2 ,¨¨¨, r w n q " tpc w1 , σ w1 , τ w1 q, pc w2 , σ w2 , τ w2 q,¨¨¨, pc wn , σ wn , τ wn qu
Calculate the score value of each attribute using Definition 6.
Pp r w j q " φEp r w j q p1´φqVarp r w j q
where r w j represents the weight of the jth attribute C j , and φ represents the decision-maker's attitude preference on the expected value of the decision-making information and variance.
Therefore, the accurate weight of each attribute can be obtained as:
Pp r w j q (9)
Step 5. Calculate the weighed distance between each scheme and the positive/negative ideal scheme.
The weighed distance between scheme A i and the positive ideal scheme:
The weighed distance between scheme A i and the negative ideal scheme:
Step 6. Calculate the relative closeness ε i of each scheme, and sort schemes according to the value of relative closeness; a larger ε i value represents a more optimal scheme.
Example Analysis
Suppose there is a fuzzy multi-attribute decision-making problem involving five alternatives A i pi " 1, 2,¨¨¨, 5q and six attributes C j pj " 1, 2,¨¨¨, 6q, where all attributes are benefit-oriented and all attribute values are given in the form of an exponential fuzzy number. See Table (1) Establishment of the fuzzy decision-making matrix, which is shown in Table 1 . (2) Using Equations (4) and (5) to standardize the fuzzy decision-making matrix so that the standardized decision-making matrix is obtained as shown in Table 2 . (3) Determine the positive and negative ideal schemes using Equations (6) (8) and then calculate the accurate weight of each attribute using Equation (9); the results are show in Table 3 . (5) Calculate the weighted distance between each attribute and the positive/negative ideal schemes according to Equations (10) and (11), and then calculate the relative closeness of each scheme using Equation (12) . The results are shown in Tables 4 and 5 . (6) Sort schemes according to the value of ε i , and the sorting result is
therefore, A 1 is the optimal scheme. Table 2 . Standardized decision-making matrix. 
Conclusions
Regarding the fuzzy multi-attribute decision-making problem, this paper proposed a fuzzy multiple attribute decision-making method based on exponential fuzzy numbers. According to the definitions of expectation and variance in probability theory, and by comprehensively considering the attitude preference of the decision-maker, this method can realize the accurate treatment of attribute weight. Subsequently, based on the distance measure between exponential fuzzy numbers, the distance between each scheme and the positive/negative ideal schemes was calculated, respectively, so as to obtain the relative closeness of each scheme. Finally, the feasibility and effectiveness of the proposed method were verified through case analysis. The proposed decision-making method is superior for clear logic, a simple decision-making process and ease of being understood. In addition, such a method has excellent application value and practical decision-making value, providing a scientific and practical decision-making reference for solving fuzzy multi-attribute decision-making problems.
